Appendix A

Recursions of associated Legendre functions P :
Poo(x) =1

P'(x)=Q2n-DV1-xP"(x) ... ¥ n=1

P (x)=2n-DxP' ' (x) ... ¥V n=1

P"(x)=-2 ((2n—l)xP’fl(x)—(n+m—l)Pn'fz(x)) . Y m=0 A n-2=m

n=01273,... m=0,...,+n
x =sind

¥ ... elevation angle;

P)(sin®) =1

P’(sin®) = sin¥

P!(sin®) = —cos}

P)(sin®) = 1 (3cos* ¥ - 1)
P)(sin®) = =3cos ¥ sin?}

P} (sin®) = 3cos” ¢

P)(sin®) = Lsin}(5sin* 9 - 3)
P} (sin®) = —3cosP(5sin* ¥ - 1)
P/} (sin®) = 15cos’ ¢sin

Condon-Shortley transformed associated Legendre functions ﬁnm:

P"'(sin®) = (-1)" P\"'(sin®)
n=0,1273,... m=0,...,+n

Pl(sin®) =1

P(sin®) = sin®

P/ (sin®) = cos )

P)(sin®) = 1(3cos’ I - 1)
P)(sin®) = 3cos ¥ sint®
P}(sin®) = 3cos’ &

P)(sin®?) = Lsin}(5sin® 9 - 3)
P)(sin®) = 2cosF(5sin® ¥ - 1)
Pl(sin®) = 15cos’ ¥ sint®

P} (sin®) =15cos’ &

(1)
)
3)
4)

)



orthonormalized complex spherical harmonics Y":

_ I .
Y7 (0) = 2n+1(n-1m I)'P,im'(sinﬁ)e""‘p
4 (n+Iml)!
n=0,1,273,... m=-n,...,+n
@ ... azimuth angle

orthonormalized real spherical harmonics Y":

N _ —m)! ~
Pty = [CmOICIED =)
4 (n+m)!
n=01273,... m=0,...,+n
N _ —m)! -
P () = |22 0CED (=M s ) Gin(me)
41 (n+m)!
n=12,3,... m=1,...,+n

0, ... Kronecker delta

YP(sin®) = [

Y (sin®) = \/%cosﬁ sing

Y (sin®) = \/g sin®

Y (sin®) = \/%cosﬁcosgv

Y;2(sin®) = /1 cos? 9 sin2g
Y;'(sin®) = \/%cosﬁ sinsing

Y2 (sin®) = 1[i2 (3cos 9 - 1)

Y, (sin®) = \/%cosf} sin cos @

Y2 (sin®) = \/% cos’ ¥ cos2qp

Y3 (sin®) = \/%coss ¥sin3g

Y2 (sin®) = \/%cosz ¥ sindsin2¢p
Y;'(sin®) = \/%cos P(5sin” @ - 1)sing
Y (sin®) = ;L sin9(5sin’ & - 3)

Y (sin®) = \/%cosﬁ(S sin® 9 - 1)cosg
Y2 (sin®) = 4/15 cos? & sin ) cos 2¢
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Y32 (sin) = 4/2 cos® 9 cos 3¢

(6)

(7)

®)



semi-normalized real spherical harmonics Y,

Y (8,¢) = 1/ ’”(19 ®)

n=0123... m=-n

Y, (sin®) =1

Y (sin®) = cos I sing

Y,(sin®) = sin®}

Y,'(sin®}) = cos ¥ cos ¢

Y, *(sin9) = \E cos’ ¥sin2g

Y, '(sin®) =3 cos I sind sing

Y, (sin®) = L (3cos* ¥ -1)

Y,"' (sin®) = v/3 cos ¥ sin cos @

Y, (sin®) = \/gcos2 ¥ cos2qp

Y, (sin9) = \/%0053 ¥sin3g

Y, *(sin9) = \/gcosz ¥ sin?sin2¢

Y, (sin®) = \/%cos P(5sin” ¥ - 1)sing
Y, (sin®) = Lsin®(5sin’ O - 3)

Y, (sin9) = \/%cos P(5sin” ¢ - 1)cos @
Y,?(sin®) = \/gcosz ¥sincos2g
Y,P(sin}) = \/§00s3 ¥ cos3g

)



not-normalized real spherical harmonics = reference spherical harmonics Y":

4 (n+Iml)!
I @9 \/2n+1(n—|m|)vY" -9 (1
n=0,123,.. m=-n,...,+n

Y, (sin®) =1

Y '(sin®) = cos ¥ sing

Y (sin®) = sin®®

Y (sin®) = cos % cosg

Y, (sin®) = 3cos® ¥ sin2¢

Y, (sin®) = 3cos ¥ sin ¥ sing

Y, (sin®) = 1(3cos’ ¥ - 1)

Y, (sin®) = 3cos ¥ sin®) cosg

Y, (sin®}) = 3cos” & cos2¢

Y;? (sin®) = 15cos’ &sin 3¢

Y52 (sin®) = 15cos” & sin ¥ sin 2

Y, (sin®) = 2cosH(Ssin’ & - 1)sing
Y} (sin®) = Lsin9(5sin® O - 3)

Y, (sin®)) = 2 cos#(5sin® ¥ - 1)cos g
Y% (sin®}) = 15cos’ 9 sin) cos 2
Y2 (sin®}) = 15cos® 9 cos 3¢

orthonormalized weights ON" related to reference spherical harmonics:

ON 4”; (11)
ON;' =25, ON/ =%, ON[" = ;

ON;* =55+ ON;' =457, ON; =4[5, ON;'= % ON3" =zz
ON3' =iz » ONY” =gz » ONi' =38z, ONi =435,

+1_ (7 +2 _ I; +3 _ 7 .
0N3 “ N 247 ON% ~ V2407 ° 0N3 V14407 °

semi-normalized weights SN" related to reference spherical harmonics:

SNJ =1; (12)
SN;'=1, SN/ =1, SN;' =1,

SN2 =[5, SN;' =4[5, SNE=1, SN;' =L, SN7*=.[L;

SN7® = SN2 =[&, SN =[5, SNY =1, SN:' = \[L, SN = \[&, SN? = /i

360 °



